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a b s t r a c t

W e i n v est iga t e a proble m i n e vol u t ion ar y ga m e t h eor y base d on re p lica tor eq u a t ions w i t h
p eriod ic coef fi cie n ts. Th is a p proach to e vol u t ion co m bi n es classical ga m e t h eor y w i t h d iffer-
e n t ial eq u a t ions. Th e RPS (Rock -Pa p er -Scissors) syst e m st u d ie d h as a p p lica t ion to t h e pop u -
la t io n biology of l i z ards a n d to bact erial d y n a m ics. T h e prese nce of p erio d ic coef fi cie n ts
m od els v aria t ions i n t h e e n v iron m e n t d u e to season al effects a n d resu l ts i n p ara m e t ric e xci-
t a t ion w h ich is st u d ie d t h ro ugh t h e use of p er t u rba t io n series a n d n u m erical i n t egra t io n .

 2011 Else v ier B.V . A ll righ ts reser v e d .

1 . I n t r o d u c t i o n

Evol u t io n is t h e fu n d a m e n t al u n ify i ng pri nci p le of biology . In i ts esse nce, n a t u ral select ion d ict a t es t h a t t rai ts w h ich ca use
a n orga n ism to p rod uce m ore offspri ng beco m e m ore co m m on i n t h e pop u la t ion . Th e fi el d of e vol u t ion ar y ga m e t h eor y uses
m a t h e m a t ics to for m ali z e t h e d y n a m ics of e vol u t ion [3,7]. Th ese e vol u t ion ar y m od els p rov i d e a po w erfu l se t of tools for pre-
d ict i ng w h a t t rai ts w il l be fa vore d b y n a t u ral select ion i n p ar t icu lar se t t i ngs.

Evol u t io n ar y ga m e t h eor y is not l i m i t e d to ge n e t ic e vol u t ion , i n w h ich orga n isms p ass t h eir ge n es on to offsp ri ng [6].
T h ese m od els ca n also d escribe ‘cu l t u ral e vol u t ion ’ or social lear n i ng, w h ere p eop le cop y st ra t egies of ot h ers w i t h h igh er
p a y offs. Rece n t w or k h as d e m onst ra te d t h e abil i t y of e vol u t io n ary m od els to q u a n t i t a t i v el y re prod uce h u m a n be h a v ior i n
eco no m ic e x p eri m e n ts, ou t -p erfor m i ng t h e pre d ict ions of classical econo m ic m od els [2,8].

In ga m e t h eore t ic m od els, a se t of p la y ers each chooses a ‘st ra t egy ’. Each p la y er t h e n ear ns a p a y off base d on h er st ra t egy
as w ell as t h e st ra t egy ch ose n b y on e or m ore ot h ers. For e x a m p le, consi d er t h e ga m e ‘Rock –Pa p er–Scissors’ (RPS). Pla y ers
i n t eract i n p airs, a n d each p la y er chooses on e of t h ree st ra t egies: rock (R), p a p er (P) or scissors (S). Rock bea ts scissors; t h us if
y o u p ick R w h ile y ou r op pon e n t p icks S, y ou ear n a posi t i v e p a y off (sa y + 1). If y ou choose S w h ile y ou r op pon e n t ch ooses R,
ho w e v er, y ou ‘lose’ a n d recei v e a n ega t i v e p a y off (sa y  1). Th e fu ll se t of p a y offs is oft e n d escribe d usi ng a p a y off m a t ri x ,
w h ere t h e p a y off of t h e ro w p la y er is i n d ica t e d . Th e p a y off m a t ri x for t h e si m p lest RPS ga m e is t h us gi v e n b y

ð1Þ
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In t h e co n t e x t of e vol u t io n ar y ga m e t h eor y , t h ese p a y offs re p rese n t re prod uct i v e success (i.e. n u m ber of offspri ng). St ra t egies
w h ich ear n h igh er p a y offs t h us beco m e m ore co m m on ov er t i m e.

O n e p ar t icu larl y pop u lar a p proach to for m ali z i ng t h is e vol u t ion ar y d y n a m ic is t h e ‘re p lica tor eq u a t ion’ [10]. Th e re p lica-
tor eq u a t io n uses d iffere n t ial eq u a t ions to d escribe ch a nges i n t h e ab u n d a nce of a fi n i t e se t of N st ra t egies i n a n i n fi n i t el y
large pop u la t io n of p la y ers. W e d e fi n e xi as t h e ab u n d a nce of st ra t egy i, i.e. t h e fract ion of p la y ers i n t h e pop u la t ion usi ng
st ra t egy i. ( N ot e t h a t abundance is oft e n calle d frequency i n t h e li t era t u re of e vol u t ion ar y d y n a m ics. In t h is p a p er w e reser v e
t h e la t t er t er m for freq u e ncy of osci l la t ion .) T h erefore

XN

i¼1

xi ¼ 1 ð2Þ

In i ts st a n d ar d for m , t h e re p lica tor eq u a t ion assu m es t h a t e v er y p la y er is eq u all y l i k el y to i n t eract w i t h e v er y ot h er p la y er.
T h us for a ga m e w h ere p la y ers i n t eract i n p airs, t h e e x p ect e d p a y off of a n i n d i v i d u al p la y i ng st ra t egy i is gi v e n b y

fi ¼
XN

j¼1

Aij xj ð3Þ

w h ere Aij is t h e p a y off of st ra t egy i p la y i ng agai nst st ra t egy j. N ot e t h a t t h e e x p ect e d p a y off of a gi v e n st ra t egy d e p e n ds on t h e
ab u n d a nces of each st ra t egy i n t h e pop u la t ion . A st ra t egy w h ich ear ns a h igh p a y off i n on e se t t i ng m a y score poorl y i n ot h -
ers. For e x a m p le, i n RPS, a n R p la y er w ou l d ear n a h igh p a y off i n a pop u la t ion w h ere S is co m m on , b u t w ou l d ear n a lo w
p a y off i n a pop u la t ion w h ere P is co m m on .

T h e re p lica tor eq u a t ion st i p u la t es t h a t st ra t egies w i t h h igh er t h a n a v erage p a y off i ncrease i n ab u n d a nce, w h ile st ra t egies
w i t h lo w er t h a n a v erage p a y off d ecrease i n ab u n d a nce. Th e ra t e of ch a nge of t h e ab u n d a nce of st ra t egy i is gi v e n b y

_xi ¼ xi ðfi  UÞ ð4Þ

w h ere U is t h e a v erage p a y off, gi v e n b y

U ¼
XN

j¼1

xj fj ð5Þ

Eq. (4) ca n t h e n be use d to st u d y t h e e vol u t ion ar y d y n a m ics of a p ar t icu lar ga m e. In t h is p a p er, w e focus o n t h e RPS ga m e.
A l t h ough Rock –Pa p er–Scissors m a y see m li k e a t ri v ial ch il d ’s ga m e, i t i n fact ser v es as a m od el of m a n y i n t erest i ng syst e ms
i n biology a n d social scie nce. For e x a m p le, m a t i ng be h a v ior of t h e m ale si d e-blotch e d li z ard Uta stansburiana d isp la ys a rock -
p a p er-scissors d y n a m ic [1 1]. Th ere are t h ree d iffere n t ge n e t ic v aria t es (ge not y p es) of m ales i n t h is l i z ard sp ecies: t hose t h a t
h a v e large t erri tories; t h ose t h a t h a v e sm all t erri tories; a n d ‘sn ea k ers’ w h ich h a v e no t erri tor y a n d i nst ea d pose as fe m ales
a n d i n v a d e t h e t erri tories of ot h er m ales. M ales w i t h large t erri tories ca n not closel y gu ard t h eir fe m ales a n d so are ou t -
co m p e t e d b y sn ea k er m ales. Sn ea k er m ales h a v e no fe m ales of t h eir o w n a n d so are ou tco m p e t ed b y m ales w i t h sm all
t erri tories, w h o ca n effect i v el y gu ard t h eir fe m ales. A n d m ales w i t h sm all t erri tories are ou t -co m p e t e d b y m ales w i t h large
t erri tories beca use t h e la t t er con t rol m ore fe m ales. Th us t h ese t h ree st ra t egies d isp la y a RPS d y n a m ic.

A not h er e x a m p le co m es fro m t h e bact eria Escherichia coli [4]. Th e nor m al ‘ w il d- t y pe’ st rai n of bact eria for ms a RPS d y -
n a m ic w i t h t w o ot h er st rai ns: a to x ic st rai n w h ich prod uces bot h a to x i n a n d a n a n t i dot e to t h e to x i n , a n d a resist a n t st rai n
w h ich p rod uces on l y t h e a n t i dot e. Th e to x i n k il ls t h e w il d- t y p e bact eria, a n d so t h e to x ic st rai n ca n i n v a d e t h e w il d- t y p e. Bu t
o nce t h e pop u la t ion consists e n t irel y of to x ic bact eria, t h ere is n o a d v a n t age to prod uci ng t h e to x i n ( w h ich req u ires e n ergy).
T h erefore t h e resist a n t st rai n ca n i n v a d e t h e to x ic st rai n . Ye t once t h e pop u la t ion consists on l y of resist a n t bact eria, t h ere is
no reaso n to p rod uce t h e a n t i dot e ( w h ich also req u ires e n ergy). Th us t h e w il d- t y p e st rai n ca n i n v a d e t h e resist a n t st rai n .

In t h is p a p er, w e e x t e n d t h e st a n d ard RPS m od el to consi d er p eriod ic v aria t ion i n p a y offs. Such effects cou l d be d u e to
a n n u al ch a nges i n fi t n ess d u e to season al w ea t h er ch a nges. Period ic coef fi cie n ts i n re p lica tor d y n a m ics h a v e bee n p re v io usl y
t rea t e d i n [1]. T h ere i t is sho w n t h a t for suf fi cie n t l y fast osci l la t ions, p eriod ic coef fi cie n ts i n a t w o-p la y er ga m e ca n be re-
d uce d to co nst a n t coef fi cie n ts i n a m u l t i-p la y er ga m e, a n d t h a t t h is ca n crea t e st able eq u il ibria w i t h non - z ero ab u n d a nces
of m u l t i p le st ra t egies (co-e x ist e nce).

2 . M o d e l

W e ge n erali z e t h e RPS p a y off m a t ri x (1) b y allo w i ng t w o of t h e coef fi cie n ts to d e p e n d e x p lici t l y on t i m e :

ð6Þ

w h ere  , t h e m agn i t u de of t h e forci ng fu nct io n , is a sm all p ara m e t er,   1, a n d w h ere x is t h e freq u e ncy of t h e forci ng
fu nct io n .
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The expected payoffs (3) become:

f1 ¼ ð1 þ  cos x tÞð  x2 þ x3Þ ð7Þ

f2 ¼ x1  x3 ð8Þ

f3 ¼  x1 þ x2 ð9Þ

The average payoff U given by Eq. (5) becomes:

U ¼
XN

j¼1

xjfj ¼ x1ðx3  x2Þ  cos x t ð10Þ

and the replicator Eq. (4) become:

_x1 ¼ x1ðf1  UÞ ¼ x1ðx3  x2Þ½1 þ ð1  x1Þ  cos x t ð11Þ

_x2 ¼ x2ðf2  UÞ ¼ x2½ðx1  x3Þ þ x1ðx2  x3Þ  cos x t ð12Þ

_x3 ¼ x3ðf3  UÞ ¼ x3½ðx2  x1Þ þ x1ðx2  x3Þ  cos x t ð13Þ

Eqs. (11)–(13) exhibit the invariant manifold (2) which may be pictured as a simplex in the first octant in x1–x2–x3 space, see
Fig. 1. Note that the vertices of this simplex, (1,0,0), (0,1,0) and (0,0,1), are equilibria of Eqs. (11)–(13).

3. Properties of the model

Eqs. (11) and (12) may be simplified by eliminating x3 through the use of Eq. (2), giving:

_x1 ¼ x1ð1  2x2  x1Þ½1 þ ð1  x1Þ cos x t ð14Þ

_x2 ¼ x2ðx2 þ 2x1  1 þ ½x1ð2x2 þ x1  1Þ  cos x tÞ ð15Þ

Eqs. (14) and (15) may be viewed as a flow on the x1–x2 plane, see Fig. 2. As in Fig. 1, the vertices of the simplex in Fig. 2,
namely (1,0), (0,1) and (0,0), are equilibria for Eqs. (14) and (15). In addition, there is another equilibrium at (1/3,1/3).
The lines which bound the simplex are invariant manifolds for the flow (14) and (15). These are x1 = 0, x2 = 0 and
x1 + x2 = 1, the last being equivalent to x3 = 0 in view of Eq. (2). Thus any motion which starts inside the simplex must remain
inside for all time.

In the case that  = 0, the system (14) and (15) admits a first integral:

x1x2ð1  x1  x2Þ ¼ constant ð16Þ

See Fig. 3 where the integral curves (16) are displayed for various values of the constant. Each of these curves represents a
motion which is periodic in time. For  > 0, the presence of the time-varying periodic term  cos x t destroys the first integral

Fig. 1. Eqs. (11)–(13) exhibit the invariant manifold (2). That is, motions which start on the simplex (the triangular region) remain on it for all time.
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(16). Numerical integration shows that for small values of ! the periodic motions of Eq. (16) are typically replaced by qua-
siperiodic motions, see Fig. 4. In particular, motions starting near the equilibrium point (1/3,1/3) typically remain near it as
in Fig. 4. An exception occurs for certain values of the system parameters ! and x. See Fig. 5 which displays a numerically
integrated motion starting near (1/3,1/3) for parameters ! = 0.1, x = 1.154. Note that here a motion which starts near the
equilibrium (1/3,1/3) travels far away from it. In what follows we seek to explain this phenomenon through a study of
the stability of the equilibrium (1/3,1/3).

4. Stability of motion

To investigate the stability of the equilibrium at (1/3,1/3), we set

x1 ¼ xþ 1
3
; x2 ¼ yþ 1

3
ð17Þ

we substitute these into Eqs. (14) and (15), and we linearize in x, y, giving:

_x ¼ % xþ 2y
3

! "
% 2
9
ð2yþ xÞ! cosxt ð18Þ

_y ¼ 2xþ y
3

! "
þ 1
9
ð2yþ xÞ! cosxt ð19Þ

Fig. 2. Eqs. (14) and (15) may be viewed as a flow on the x1–x2 plane.

Fig. 3. Integral curves from Eq. (16) for ! = 0. Each of these curves represents a motion which is periodic in time.
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Next we define a new time variable s =xt and we transform this first order system of ODEs into a single second order ODE by
differentiating (18) and substituting expressions for _y from (19) and for y from (18), giving:

f1x00 þ f2x0 þ f3x ¼ 0 ð20Þ

where primes represent differentiation with respect to s, and where

f1 ¼ 3þ 2! cos s ð21Þ

f2 ¼ 2! sin s ð22Þ

f3 ¼ 3þ 2! cos s
3x

! "2

ð23Þ

Eq. (20) is an example of a linear differential equation with periodic coefficients and is a variant of Ince’s equation [5,9]. It
contains two parameters, x and ! and results may therefore be viewed in the x–! parameter plane. For a given pair of
parameters there are two possibilities: either all solutions are bounded, in which case the point (x,!) is said to be stable,
or an unbounded solution exists and the point is called unstable. We are interested in transition curveswhich separate regions

Fig. 5. Motion of Eqs. (14) and (15) for ! = 0.1 and x = 1.154 for initial conditions x1 = x2 = 0.3333 obtained by numerical integration. Note that here a
motion which starts near the equilibrium (1/3,1/3) travels far away from it.

Fig. 4. Motions of Eqs. (14) and (15) for ! = 0.02 and x = 1 obtained by numerical integration. Here the periodic motions of Fig. 1 are replaced by
quasiperiodic motions. Note that motions starting near the equilibrium point (1/3,1/3) remain near it.
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of stability from regions of instability in the x–! plane. A straightforward line of reasoning leads us to expect tongues of
instability to emanate from the points x ¼ 2

n
ffiffi
3

p , n = 1,2,3, . . . on the x-axis, as follows.
A result from Floquet theory [12,9] states that equations of the form of Hill’s equation,

d2z
ds2 þ FðsÞz ¼ 0; Fðsþ TÞ ¼ FðsÞ ð24Þ

have periodic solutions of period T or 2T on their transition curves, where T is the period of the coefficient F(s). However, Eq.
(20) is not of the form of Hill’s Eq. (24). Nevertheless, if we set

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2! cos s

p
z ðj!j < 3=2Þ ð25Þ

then it turns out that Eq. (20) becomes a Hill’s Eq. (24) on z(s), with the following coefficient F(s):

FðsÞ ¼ 54þ ð108% 54x2Þ! cos sþ ½36% 45x2 þ ð36þ 9x2Þ cos s'!2 þ ð12 cossþ 4 cos 3sÞ!3
18x2½9þ 12! cos sþ 2!2ð1þ cos 2sÞ' ð26Þ

Here F(s) is periodic with period 2p. Thus Floquet theory tells us that the resulting Hill’s equation on z(s) will have solutions
of period 2p or 4p on its transition curves. Now from Eq. (25), the boundedness of z(s) is equivalent to the boundedness of
x(s), so transition curves for the z equation occur for the same parameters as do those for the x Eq. (20). Also, since the coef-
ficient

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2! coss

p
in Eq. (25) has period 2p, we may conclude that Eq. (20) has solutions of period 2p or 4p on its transition

curves. Now when ! = 0, Eq. (20) is of the form x00 þ 1
3x2 x ¼ 0, and has solutions of period 2p

ffiffiffi
3

p
x. These will correspond to

solutions of period 2p or 4p when 2p
ffiffiffi
3

p
x ¼ 4p

n , since a solution with period 4p
n may also be thought of as having period

2p (n even) or 4p (n odd), which gives x ¼ 2
n
ffiffi
3

p , n = 1,2,3, . . .
To reiterate, we have shown that we can expect Eq. (20) to have tongues of instability emanating from the points

x ¼ 2
n
ffiffi
3

p ; n ¼ 1;2;3; . . . on the x-axis in the x–! parameter plane.

5. Perturbation method

In order to obtain approximate expressions for the transition curves of Eq. (20) in the x–! plane, we use a perturbation
method valid for small values of ! [12,9]. We begin by looking for a transition curve through the point x ¼ 2

n
ffiffi
3

p , ! = 0 in the
form of a power series in !:

x ¼ 2
n

ffiffiffi
3

p þ k1!þ k2!2 þ ( ( ( ð27Þ

where n is a positive integer. We also expand x in a series,

xðsÞ ¼ x0ðsÞ þ x1ðsÞ!þ x2ðsÞ!2 þ ( ( ( ð28Þ

and substitute (27) and (28) into (20), collect terms and equate to zero the coefficient of each power of !. For example, in the
case of n = 1 we obtain for the first three equations:

x000 þ
1
4
x0 ¼ 0 ð29Þ

x001 þ
1
4
x1 ¼ %2

3
x000 cos s%

2
3
x00 sinsþ

ffiffiffi
3

p

4
k1x0 %

1
3
x0 cos s ð30Þ

x002 þ
1
4
x2 ¼ %2

3
x001 cos s%

2
3
x01 sinsþ

ffiffiffi
3

p

4
k1x1 %

1
3
x1 cos sþ

1ffiffiffi
3

p k1 cos sþ
ffiffiffi
3

p

4
k2 %

9
16

k21 %
1
9
cos2 s

 !
x0 ð31Þ

To solve these equations recursively we begin by taking the solution of Eq. (29) as

x0 ¼ sin
s
2

ð32Þ

Substituting this into Eq. (30) and simplifying, we obtain:

x001 þ
1
4
x1 ¼ % 1

12
þ

ffiffiffi
3

p

4
k1

 !
sin

s
2
% 1
4
sin

3s
2

ð33Þ

For a solution x(s) which is uniformly valid on the infinite interval we require no secular terms in x1, i.e. we equate to zero
the coefficient of sin s

2 on the RHS of Eq. (33), giving:

k1 ¼ 1
3

ffiffiffi
3

p ð34Þ
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For this value of k1, a particular solution to Eq. (33) is

x1 ¼ 1
8
sin

3s
2

ð35Þ

Next Eqs. (34) and (35) are substituted into Eq. (31), and after trigonometric simplification, secular terms are removed,
giving:

k2 ¼ $ 1
72

ffiffiffi
3

p ð36Þ

Substituting Eqs. (34) and (36) into (27), we have obtained the following expression for a transition curve:

n ¼ 1 : x ¼ 2ffiffiffi
3

p þ 1
3

ffiffiffi
3

p !$ 1
72

ffiffiffi
3

p !2 þ Oð!3Þ ð37Þ

If instead of Eq. (32), we choose

x0 ¼ cos
s
2

ð38Þ

and repeat the foregoing process, we obtain the following expression for another transition curve through the same point on
the !-axis:

n ¼ 1 : x ¼ 2ffiffiffi
3

p $ 1
3

ffiffiffi
3

p !$ 1
72

ffiffiffi
3

p !2 þ Oð!3Þ ð39Þ

Taken together, Eqs. (37) and (39) represent a tongue of instability, see Fig. 6.
In a similar way,we may derive approximate equations for the boundaries of tongues of instability which emanate from

each of the points x ¼ 2
n
ffiffi
3

p , n = 1,2,3, . . . on the !-axis. Here are the results for the first few such tongues:

n ¼ 1 : x ¼ 1ffiffiffi
3

p 2þ !
3
$ !2

72
$ 5!3

1728
þ 271!4

124416
$ 7885!5

8957952
þ Oð!6Þ

" #
ð40Þ

n ¼ 1 : x ¼ 1ffiffiffi
3

p 2$ !
3
$ !2

72
þ 5!3

1728
þ 271!4

124416
þ 7885!5

8957952
þ Oð!6Þ

" #
ð41Þ

n ¼ 2 : x ¼ 1ffiffiffi
3

p 1$ 5!2

54
þ 13!4

34992
þ Oð!6Þ

" #
ð42Þ

n ¼ 2 : x ¼ 1ffiffiffi
3

p 1þ !2

54
$ 35!4

34992
þ Oð!6Þ

" #
ð43Þ

Fig. 6. Tongues of instability in the x-! plane. U = unstable, S = stable. Shown are those given by Eqs. (40)–(47). The region between the vertical ! axis and
the first n = 4 transition curve (46) contains an infinite number of such tongues.
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n ¼ 3 : x ¼ 1ffiffiffi
3

p 2
3
" !2

48
þ !3

64
" 217!4

61440
þ 11!5

16384
þ Oð!6Þ

" #
ð44Þ

n ¼ 3 : x ¼ 1ffiffiffi
3

p 2
3
" !2

48
" !3

64
" 217!4

61440
" 11!5

16384
þ Oð!6Þ

" #
ð45Þ

n ¼ 4 : x ¼ 1ffiffiffi
3

p 1
2
" 2!2

135
" 2032!4

273375
þ Oð!6Þ

" #
ð46Þ

n ¼ 4 : x ¼ 1ffiffiffi
3

p 1
2
" 2!2

135
þ 968!4

273375
þ Oð!6Þ

" #
ð47Þ

6. Numerical simulation

In this section we check the foregoing perturbation results by using numerical integration. We begin by constructing a

fundamental solution matrix for Eqs. (18) and (19) out of two solution vectors, x1ðtÞ
y1ðtÞ

$ %
and x2ðtÞ

y2ðtÞ

$ %
, which satisfy the initial

conditions:

x1ð0Þ
y1ð0Þ

$ %
¼

1
0

$ %
;

x2ð0Þ
y2ð0Þ

$ %
¼

0
1

$ %
ð48Þ

From Floquet theory [9,12] we know that stability is determined by the eigenvalues of the fundamental solution matrix eval-
uated at time T:

C ¼
x1ðTÞ x2ðTÞ
y1ðTÞ y2ðTÞ

$ %
ð49Þ

The eigenvalues of C satisfy the equation:

k2 " ðtrCÞkþ detC ¼ 0 ð50Þ

where trC and detC are the trace and determinant of C. Now Eqs. (18) and (19) have the special property that detC = 1. This
may be shown by defining W (the Wronskian) as:

WðtÞ ¼ detC ¼ x1ðtÞy2ðtÞ " x2ðtÞy1ðtÞ ð51Þ

Taking the time derivative ofW and using Eqs. (18) and (19) gives that dW
dt ¼ 0, which implies that W(t) = constant =W(0) = 1.

Thus Eq. (50) can be written:

Fig. 7. Comparison of stability results obtained by numerical integration (dots) and by perturbation series (solid lines). The perturbation results are seen to
lose accuracy for values of ! larger than about 1.5. Cf. Fig. 6.
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k2 ! ðtrCÞkþ 1 ¼ 0 ð52Þ

which has the solution:

k ¼ trC &
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trC2 ! 4

p

2
ð53Þ

Floquet theory tells us that instability results if either eigenvalue has modulus larger than unity [9,12]. Thus if jtrCj > 2, then
(53) gives real roots. But the product of the roots is unity, so if one root has modulus less than unity, the other has modulus
greater than unity, with the result that this case is UNSTABLE and corresponds to exponential growth in time. On the other
hand, if jtrCj < 2, then (53) gives a pair of complex conjugate roots. But since their product must be unity, they must both lie
on the unit circle, with the result that this case is STABLE.

Thus the transition from stable to unstable corresponds to those parameter values which give jtrCj = 2. Note that this ap-
proach allows us to draw conclusions about the large time behavior after numerically integrating for only one forcing period.

The results of our numerical integrations are shown in Fig. 7. The perturbation results are verified for values of ! up to
about 1.5.

7. Conclusions

In the traditional RPS scenario given by the payoff matrix (1), or by (6) with ! = 0, it is possible to achieve a stable steady
state in which all three populations are constant in time. If a small deviation from this equilibrium in initial conditions is
presented, the resulting behavior of the system remains close to the equilibrium, with each population being nearly constant
but with a small periodic variation in time. By contrast, if two of the payoff coefficients are permitted to depend periodically
on time as in payoff matrix (6), there will exist certain combinations of parametersx and ! for which a small deviation from
equilibrium will cause the populations to differ considerably from the equilibrium state, and to vary quasiperiodically in
time, see Fig. 5.

Quasiperiodic variation in population abundances is a common aspect of many biological systems. The model presented
here shows how periodic variation in payoff coefficients (representing phenomena such as seasonal changes in fitness) can
lead to such quasiperiodic population dynamics. For example, consider the side-blotched lizard Uta stansburiana [11]. The
empirically observed lizard populations show quasiperiodic variation in abundance of the three types. Previously, these
oscillations were explained by stochastic effects consistently perturbing the system away from stable coexistence. Our re-
sults suggest that instead, the observed lizard population dynamics could be explained by periodic variation in payoffs.
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